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Search Problems
,

P and NP

• Last time : Reductions A → B
• A→ B means can solve A using subroutine for B
• B "easy

" (poly-time)⇒ A easy
• A
"hard " Cho poly -time alg known)⇒ B hard

• Goal -try to classify problems as easy or hard
• Det : A Binary Relation is a subset RE {0,13*40,1}

*

of pairs of finite bit strings, (x,w) = ( instance,witness)
• Def : decide ( R ) - given instance x, decide if
I w such that (x

,
w) ER (output - yesIno)

• Def : search ( R) - given instance x, find a witness w
such that (x , wt ER if it exists, else

"

no

"

• decide→ search
,
other way too

I



Search Problem - Example
• Det : A Binary Relation is a subset RE {0,13*40,1}

*

of pairs of finite bit strings, (x,w)=( instance,witness)
• Def : decide ( R ) - given instance x, decide if
I w such that (x

,
w) ER (output - yesIno)

• Def : search ( R) - given instance x, find a witness w
such that (x , WIER if it exists, else

"

no

"

• Ex : Max Flow
• Instance : x = ( G, s, t ) , G- network, s

-

- source
,

t⇒ ink

• Witness : w = max - flow

• Decide ( R) = yes
(nothing to do)

• Search CR) = solve
, using Ford

- Fulkerson

2



Does decide ( R) always exist ?

• No : Halting Problem
a.
instance x-= computer program ,

no witness
R ( x

,
null ) =L if x halts

,
else 0

•

'Undecidable ( no algorithm exists, CSIO )
• Focus on binary relations R that are
efficiently verifiable :

• Given (x
,
w) = ( instance

,

-witness) there exists
an algorithm Vp ( x

,
w ) = R ( x

,
w ) E EO

,
I }

with runtime OC poly (txt)) , where lxk size (x)

• New question : given Vr , how hard is decide CR) ?

• Cost ( decide CR)) at most 2944×1 )
For all we 50,13

""" ""
,
if Vrlx

,

wt 't output yes
Output no 3



Defining P and NP
• P --

"

complexity class
" of all relations R suchthat

decide CR) costs poly ( txt) ( P -- "polynomial
")

• NP = all relations R such that given x, t w
of size lwl -- poly (1×1)

,
so Vrcx

,
w ) costs poly ( I xD

when Rtx , w) =L for some w
• Ex : if Vrcx

,
w ) costs poly ( txt)

• Pe Np
•Does P -- NP? Win $ IM Millennium Prize!
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Defining N P - hard and NP - complete
• P --

"

complexity class
" of all relations R suchthat

decide CR) costs poly ( txt) ( P -- "polynomial
")

• NP = all relations R such that given x, t w
of size Iwl -- poly (1×1)

,
so Vrcx

,
w ) costs poly ( I xD

when Rtx , w) =L for some w
• E x : if Vrcx

,
w ) costs poly ( txt)

• Def : problem A is NP -hard if B-A for all BENP
•
Def '

- problem A- is NP-complete if A NP-hard and in NP
•

Np !.gg?mrYteIst !
s



CS AT is NP - complete

• Def : CS AT is binary relation Resat where
(G- circuit, w ) C- Rcs# if Ccw) =L

a Claim CSAT is NP-complete
C.SAT in NP because Ccw) efficienty

computable ( just evaluate circuit)
( SAT NP - hard because everything in NP

can be reduced to it :

B ENP⇒ F efficient verifier VB (XB
,
WB )

Reduction : XB→Pre process to make output
circuit for Vos (XB ,* )-CSATs

f w that makes Ccw) -- I→ xp solvable or not



Reducing AT to simpler problems -

- SAT

• Recall what a circuit is : DAG of gates
• Convert circuit to CNF - conjunctive
normal form -

- and of clauses like ( xivxzvxs)
• One variable per gate in DAG :

go
ft and

•

or
becomes IZVI)

Hy n'¥114, antique
z th

or

• gig becomes n'ETI's 4%9%9:x
y

r ( ZVI Vj ) Y ' YL Gz Ys 84
or O O @

• 4¥' becomes ( ZVX ) T F x , xz

ALEVI )
SAT NP-complete

• II. It become 1×1,15) 7



Reducing SAT to simpler case : 3SAT

• Want to show
"

simple
"

problems are NP-complete,
to make them easier to use to show others are

• 3SAT '

- SAT with E3 variables per clause

• Ex : (x.Vxzv Is) n ( I , V Xa, VIS ) A ( XZVXG) A - - -

•Trick to convert Ca
, Vas Vas . - - Vad to 3SAT

• Introduce new variables Yi , . - - , y k-3
• Convert to

Ca
, vazvydrlyivazvydhlyzvauvyd.i.ly-i-zvaivyi.li . . - (YI-Na←Yaa)

• If all ai -- F
, making above expression =T ⇒

YET ⇒ yet ⇒
-

- - YI- 5- F ⇒ expression = F

. If ai - T
,
set ye ye

. . -

is =T
, yin

-
-

yi
=- -- =F

to make all clauses =T 8



More NP - complete problems
All of Np

te
CSAT

I
SAT

to
3 SAT

independent Thatching✓ I t
ZOEVertex

cliqueCover I£R¥ata/Hamiltonian
& Cycle
TSP 9



Reducing 3SAT to Independent set CIS )
• IS : Does graph G have ? g unconnected vertices ?
- Ex : ( Ivy VE) rt x vz vz ) r Lxvyvtnlxvy)
•Transform to graph where I E

• each variable is a vertex
g.

.e÷÷±÷÷÷÷¥÷:.
• add edge between every Cv, J) if

÷÷¥÷÷÷÷÷÷:÷÷÷÷÷÷±: ¥.

.IS#pre:sihondsIIEEIasie? If
Yes ⇒ ZI vertex per clause -T I- g-
⇒ choose I from each clause

, get Is 10



Reducing Independent Set CIS) to . . .

• Vertex Coverlet : Subset SEV that touch every edge
• Fact -

- Sis a VC iff V- S is an IS .

5

• F VC of size K iff F IS of size IVI - K

• Clique ( Ce ) : Subset SEV that is fully connected
•Fact : S is a clique in G -

-CV
,
E) iff

S is an IS in G
'
-CV
,
E)
,

E -- all edges not inE
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Did I forget to prove anything ?
• Need to confirm all NP - complete problems
are in NP

,
not just NP - hard

• Easy to confirm a witness w is
correct for an instance x :

• (3) SAT : plug values into formula,
evaluate it

• IS : given a list of vertices,
confirm no edges connect them

• VC :

given a list of vertices ,
confirm all edges touch one of them

• Clique : given a list of vertices
confirm each pair connected 12


